We develop a wideband traveling-wave formalism for analyzing quantum mechanically a degenerate parametric amplifier. The formalism is based on spatial differential equations-spatial Langevin equations-that propagate temporal Fourier components of the field operators through the nonlinear medium. In addition to the parametric nonlinearity, the Langevin equations include absorption and associated fluctuations, dispersion (phase mismatching), and pump quantum fluctuations. We analyze the dominant effects of phase mismatching and pump quantum fluctuations on the squeezing produced by a degenerate parametric amplifier.
INTRODUCTION
A degenerate parametric amplifier (DPA) is the prototypic device for generating squeezed-state light.1-3 A DPA runs on the nonlinear interaction between a signal field near frequency Q and a pump field at frequency Qp = 2Q. 4 This parametric interaction has been exploited to generate squeezed-state light 5 -but in an oscillator, rather than an amplifier configuration. In the oscillator configuration the nonlinear medium is enclosed in an optical cavity, in which multiple passes through the medium increase the effective nonlinearity. 6 -' 0 If one could find materials with larger x(2) nonlinearities, however, one might prefer an amplifier configuration because of its intrinsically wider bandwidth.
The conventional approach to quantum problems in nonlinear optics is to specialize to a few interacting modes of the electromagnetic field. All the spatial dependence is contained in the spatial mode functions. The basic equations are temporal differential equations that describe the evolution of the modes. In one realization these equations are temporal operator Langevin equations for the evolution of the creation and annihilation operators of the modes. This conventional approach is well suited for analyzing a parametric oscillator, in which the appropriate modes are modes of the optical cavity, but it is ill suited for analyzing a DPA, which is a traveling-wave device not easily thought of in terms of a few discrete modes. To analyze a DPA, one would like a set of spatial differential equations for the propagation of the fields through the nonlinear medium. One way to get such spatial differential equations is to take the temporal differential equations for discrete modes interacting parametrically and to replace t with Z/Vph, where Vph is the phase velocity in the medium.' Aside from its questionable validity, this procedure runs into trouble when there is dispersion, and it does not address questions about bandwidths. These problems with the conventional approach have been stressed by Tucker and Walls,1 2 who developed a wave-packet formalism in an attempt to deal with them.
In this paper we model a DPA in a different way. Our approach is patterned after the approach used in classical nonlinear optics, which is formulated in terms of spatial differential equations for coupled Fourier components of the fields. We start with an ideal, lossless, dispersionless medium with a nonlinear susceptibility x( 2 ). In such a medium the Heisenberg equations for the field operators are an operator version of the macroscopic Maxwell equations, together with a constitutive relation that includes the nonlinearity. 13 A temporal Fourier transform then yields spatial differential equations for propagation of the Fourier components of the field operators through the medium. These equations describe a parametric interaction between signal frequencies Q i e and the pump at frequency Qp. Because there is no dispersion, the parametric interaction is perfectly phase matched. Our next step is to include absorption and dispersion phenomenologically. We replace the actual nonlinear medium by a sequence of slabs of ideal medium separated by beam splitters. Reflection at the beam splitters models a linear loss mechanism, and frequency-dependent phase shifts at the beam splitters introduce dispersion. The final result is a set of spatial propagation equations that include absorption and phase mismatching. These equations might well be called spatial operator Langevin equations for the propagation of the field through the nonlinear medium.
Throughout our analysis we are interested in the dominant effect of quantum fluctuations in the pump field, our goal being to investigate the conditions under which the pump can be treated classically. The dominant effect arises from quantum phase fluctuations in the pump, which feed noise from the amplified signal quadrature into the squeezed signal quadrature. The quantum phase fluctuations in the pump can be viewed as due to vacuum fluctuations at unexcited frequencies near Qp, which couple to signal frequencies through the parametric nonlinearity. The bandwidth over which such vacuum fluctuations are important, which can be thought of as the pump bandwidth, determines the size of the quantum phase fluctuations in the pump. This pump bandwidth is limited by phase mismatching, which renders frequencies sufficiently far removed from 6p effectively uncoupled from the signal frequencies. We evaluate this pump bandwidth within our model. Perhaps surprisingly, it is smaller than the bandwidth over which the DPA is phase matched.
In Section 2 we describe our model of a DPA, present a simple heuristic argument for the conditions necessary for a classical pump, and then derive the spatial Langevin equations for the model. In Section 3 we use the spatial Langevin equations to investigate the effects of phase mismatching and pump quantum fluctuations on the squeezing spectrum.
MODEL FOR THE DEGENERATE PARAMETRIC AMPLIFIER
A. Description of Model Consider a nonlinear medium of length L, which lies between z = 0 and z = L. The nonlinearity is described by a nonlinear susceptibility x 2 ). Propagating through the medium in the +z direction is a strong pump wave at frequency QP and a signal wave at frequencies near the degeneracy frequency Q = Qp/2. The parametric nonlinearity couples the pump to signal frequencies + e. We idealize all the waves as plane waves with a single polarization in which the electric (magnetic) field lies along the x axis (y axis). Specializing to a single polarization ignores the details of how phase matching is achieved in many real DPA's, but these details are not important for our quantum analysis. Specializing to plane waves ignores the transverse structure of the waves, which we, nonetheless, take into account crudely by introducing an effective cross-sectional area o-for the waves.
We assume for simplicity that the index of refraction for frequencies near Qp is uniform with value np = no; hence the pump wave number is Kp = Qpno/c. The index of refraction for frequencies w = Q + e near Q is allowed to be dispersive with value n(o) = no + An(c); the corresponding wave number is denoted k(o) = wn(o)/c. We assume perfect phase matching at degeneracy, i.e., An(Q) = 0, so that the wave number at degeneracy is K = Qno/c = Kp/2.
We assume, for convenience, that the medium is lossless for frequencies near 5p, but we allow for absorption at frequencies co near Q. 
There are three important spatial rates in our model: (i) the rate of accumulation of phase K, (ii) the nonlinear gain coefficient go, and (iii) the absorption coefficient -y. The fundamental assumption of our analysis-just as it is the fundamental assumption of a classical analysis of a DPA4-is that these spatial rates satisfy
That go << K is equivalent to saying that the dimensionless nonlinearity ao << 1.
The nonlinear gain is effective only over the bandwidth for which the medium is phase matched. The extent of phase mismatching at frequencies Q i is characterized by
The index of refraction varies only a small amount over the phase-matched bandwidth, so we can expand it as 5) where the derivatives of n(c) are evaluated at Q. One then finds that
Ak(e) = -pe 2 /Qc,
where p is a dimensionless factor for which a typical value might be pJ -0.1. One can now introduce frequencies l and E 2 at which the medium begins to be badly mismatched:
The bandwidth A/2ir over which the DPA is phase matched can be defined as
B. Conditions for a Classical Pump
The pump wave is, of course, not completely classical. Its monochromatic excitation at frequency Up is inevitably accompanied by quantum fluctuations, which lead to fluctuations in the pump amplitude and phase. The limit in which the quantum fluctuations can be totally ignored and the pump is strictly classical is not just the limit of a very strong pump; rather, it is that the pump amplitude Ap -a, while the nonlinear susceptibility x 2 -0, in such a way that the dimensionless nonlinearity ao X (2 ) Ap (or the nonlinear gain go) is held constant. Knowing this limit, however, does not tell one whether the pump in a given DPA can be treated classically to a good approximation. Indeed, the important practical question concerns a given nonlinear medium with a fixed value of x(2)-not a fixed value of ao. One would like to know, given x(2), the range of pump powers Pp for which the pump is approximately classical. There is a simple heuristic argument 4 for the dominant effect of pump quantum fluctuations. If the DPA were powered by a classical pump, it would produce ideal squeezed light at phase-matched signal frequencies. Such ideal squeezed light can be represented in a complex-amplitude diagram by an ellipse 15 " 6 with radius e-goL for the squeezed quadrature and radius egoL for the amplified quadrature (ellipse with solid lines in Fig. 1 ). The orientation of the ellipse is determined by the phase of the pump; in Fig. 1 the pump phase is chosen so that the ellipse with solid lines is oriented along the real and imaginary axes. These orientation fluctuations feed noise from the amplified signal quadrature into the squeezed signal quadrature, thereby degrading the squeezing. The characteristic size of the noise added to the squeezed quadrature is AqoegoL. Thus the condition for a classical pump is
One sees in this condition the limit for a strictly classical pump: a = constant, AP -. Missing from the preceding argument is any hint of how to relate the physical pump amplitude AP to the dimensionless amplitude AP,. That relation requires identifying an appropriate bandwidth. The pump quantum fluctuations can be regarded as arising from vacuum fluctuations in unexcited frequencies near Up, which are coupled to signal frequencies by the parametric nonlinearity. The size of the phase fluctuations-and, hence, the effective number of pump photons-depends on the bandwidth of nearby frequencies that must be considered. Clearly this pump bandwidth A,/27r is limited by phase mismatching, which means that frequencies sufficiently far removed from p are not effectively coupled to frequencies in the signal field. (2.15) to be approximately classical, the pump must have dimensionless amplitude AP much bigger than 1 but somewhat smaller than Amax. Rewritten in terms of physical parameters, the condition for a classical pump becomes (2.16) These considerations hinge on knowing the pump bandwidth A P/27r. One's first guess might be that A,/27r is about the same size as the phase-matched bandwidth A/2r, but our detailed calculation in Subsection 3.D confirms the preceding argument and shows that, within our model, Ap,/27r = cg 0 /01n'l, (2.17) which is typically smaller than A/27r.
Previous analyses of pump fluctuations in a DPA have idealized to a few discrete modes; thus they do not address bandwidth questions. W6dkiewicz and Zubairy 7 specialized to a single-mode pump and a single-mode signal, and they analyzed classical fluctuations in the pump amplitude and phase. Their result is consistent with the above argument, with AO, given by classical phase diffusion instead of quantum fluctuations. Hillery and Zubairy 4 considered a single-mode pump and a single-mode signal, and they evaluated the effect of pump quantum fluctuations by using a path-integral analysis. Their result is consistent with the preceding argument. Scharf and Walls 1 8 specialized to a single-mode pump and a two-mode signal (signal and idler modes), and they did a detailed asymptotic analysis of pump quantum fluctuations. In their analysis the dominant effect of pump quantum fluctuations is an error term e 3 oL/8Ap (in our notation), a bigger effect than the dominant effect egoL/4,Ap suggested by the above argument. If the ScharfWalls result is correct, then pump quantum fluctuations are more serious than our analysis indicates.
C. Spatial Langevin Equations
We are primarily interested in the behavior of the signal field. Propagating toward the nonlinear medium from the vacuum region z < 0 is the input signal field, a free field whose positive-frequency field operators can be written as
where the integral runs over a bandwidth J. about 0, which contains all relevant signal frequencies. The operators ain(w) and aint(a) are annihilation and creation operators for the input signal field; they satisfy continuum commutation relations
The total energy (power integrated over all time) transported by the input signal field through a surface z = constant is
Similar considerations apply to the output signal field, which propagates away from the nonlinear medium into the vacuum region z > L. We denote it in the same way as the input signal field, but with the designation "in" replaced by "out."
Inside the nonlinear medium we write the signal field in terms of a temporal Fourier expansion. The positive-frequency part of the magnetic-field operator is given by A priori one does not know the commutators of the Fourier components aO, z), because knowing them would require knowing the nonequal-time field commutators. Nonetheless, in this simple case of plane waves propagating in one direction with no reflections, the above boundary conditions specify the commutators for a 8 (co, 0) and at(a', 0) and also the commutators for a(w, L) and at(w', L). Further, since the output boundary could be put at any value of z, one in fact knows the equal-position commutators for any value of
Besides the signal field, one also needs the pump field. Inside the medium we expand the pump's magnetic-field operator as
Here the integral runs over a bandwidth 8,p about 0p, which contains all relevant pump frequencies. The first term in B(a', z) is the strong mean pump field, and the second term represents fluctuations about the mean. Considerations identical to those for the signal field show that ap(a', 0) and ap(a, L) are input and output annihilation operators at frequency a. Throughout our analysis we assume that, aside from the strong excitation at frequency Up, the input pump field is in the vacuum state. We would like to include in our description absorption and dispersion in the signal field, but there is a difficulty in doing so. The equations that we use to describe the nonlinearity are an operator version of the macroscopic Maxwell equations, which are the Heisenberg equations derived from an appropriate Hamiltonian. It is difficult to include losses and dispersion in such a Hamiltonian formalism. 3 Therefore we separate the losses and dispersion from the nonlinearity by using a trick ( Fig. 2) : Suppose that we have managed to propagate the signal and pump fields to position z in the medium and we wish to propagate them a further small distance Az. We replace the actual medium between z and z + Az by a beam splitter followed by a slab of ideal nonlinear medium, which has no absorption and no dispersion. The reflectivity of the beam splitter accounts for losses, and frequency-dependent phase shifts at the beam splitter introduce dispersion. The ideal nonlinear medium has uniform index of refraction no and nonlinear susceptibility x(. The problem that must be solved is to relate the fields entering the actual medium at z + Az, i.e., the Fourier com- (Fig. 2) . To do this, we need to know how to propagate the fields through the beam splitter and the ideal nonlinear medium.
As a first step, we need to describe the fields within the ideal nonlinear medium. We denote these fields by a subscript 0, and we write each field operator as a sum of a signal field and a pump field. For example, the positive-frequency part of the magnetic-field operator within the ideal nonlinear medium is
The signal and pump fields are written in terms of temporal Fourier transforms: 4) give the energy transported in photon units, so it is appropriate to impose boundary conditions in terms of them.
The beam splitter transforms the fields that leave the actual medium at z before they reach the slab of ideal medium. Since the beam splitter has no effect on the pump field, the appropriate transformation at pump frequencies is a,(aw, z) = ap(a, z).
(2.27)
At signal frequencies the beam splitter has frequencydependent reflectivity y(co)Az, which thus becomes the loss in photon units at frequency co within the slab Az. In other words, y(a') is the absorption coefficient (loss per unit length) of the actual medium. To conserve energy (or to preserve unitarity), the beam splitter must have a second input port, into which propagates a free field with annihilation operators b(a), satisfying continuum commutation relations The phase factors eikz and eikoz are included so as to match the phase of the field leaving the actual medium to the phase of the field entering the ideal medium. The first term in the signal equation is the primary effect of the parametric nonlinearity. It is the standard nonlinear coupling, mediated by the pump at frequency Qp, between signal frequencies a' = Q + E and Qp -a = 0-. The second term is an integral over equivalent couplings mediated by initially unexcited pump frequencies ' within the bandwidth $p; it includes the effects of pump quantum fluctuations. The pump equation describes an integral over nonlinear couplings between a pump frequency and signal frequencies co' and a -a'; it includes, for example, the effects of pump depletion.
Equations (2.35) are the desired equations for propagation through the slab of ideal nonlinear medium. If we assume that the slab is sufficiently thin that g 0 Az << 1, then we can approximate the solutions of Eqs. (2.35) as 
C characterizes the phase mismatching between a pump frequency a' and signal frequencies and a -'. The first term in the signal equation (2.37a) describes attenuation that is due to absorption, and the third term represents the fluctuations associated with absorption. The second and fourth terms are a consequence of the parametric nonlinearity; they are the same as the equivalent terms in the signal equation It is instructive at this point to contrast our approach with the wave-packet formalism developed by Tucker and Walls,1 2 which has been applied to a DPA by Lane et al.1 9 In our approach, because we work in the temporal Fourier domain, frequency matching is enforced exactly. Just as in the usual classical analysis, phase mismatching appears as a mismatch AK(w', a) between wave numbers whose corresponding frequencies match exactly. Tucker and Walls idealize to an infinitely long medium so that wave-number matching is enforced exactly. In their formalism phase mismatching appears as a mismatch between frequencies whose corresponding wave numbers match exactly.
Before going further, we make a series of simplifications.
We assume that the absorption coefficient is constant over the signal bandwidth, i.e., y(co) = y; we ignore the variation of the square-root-of-frequency factors in Eqs. (2.37); and we choose the pump phase to be 4 = 2 = 0. With these assumptions, it is convenient to rewrite Eqs. (2.37) in terms of deviations of signal and pump frequencies from Q and QP:
Here the pump-fluctuation term is given by (2.39c) and the phase mismatching is redefined in terms of The quadrature-phase amplitudes are the Fourier components of the quadrature phases of the signal field, defined with respect to frequency . Evaluated at z = L, they contain the spectral information about the squeezing produced by the DPA. They are defined here with respect to a phase such that when 4, = 0 the a, quadrature shows maximum squeezing near degeneracy. The frequency argument 6 of a quadrature-phase amplitude is always assumed to be nonnegative. Suppose that the output of the DPA is detected by a balanced homodyne detector. 212 2 If the detector is ideal, the quadrature-phase amplitudes (multiplied by an appropriate factor) give the Fourier components of the differenced photocurrent at the output of the detector. 7 23 Hence they provide the spectrum of the differenced photocurrent. Specifically, if the phase of the local oscillator powering the homodyne detector is chosen so as to display maximum squeezing for the phase-matched frequencies near degeneracy, then al(e) gives the Fourier component at rf frequency 6 of the differenced photocurrent.
We find it useful to introduce another set of quadraturephase amplitudes. (2.42b) which are related to the original quadrature-phase amplitudes by a frequency-and position-dependent rotation:
&l(E, Z) = al(e, z)cos[Ak (6) Evaluated at z = L, these barred quadrature-phase amplitudes also contain the spectral information about the squeezing produced by the DPA but with some of the effects of phase mismatching removed. To detect these barred quadrature-phase amplitudes, one would have to vary the phase of the local oscillator in a homodyne detector as a function of rf frequency c. We now put the signal equation (2.39a) into the form that we use in Section 3 by writing it in terms of the barred quadrature-phase amplitudes:
MODEL PREDICTIONS FOR SQUEEZING SPECTRA A. Solution of Signal Equations
We can write a formal Green-function solution of the signal equations (2.44) for the barred quadrature-phase amplitudes:
[71/24(6, Z') + P(,E, Za)]J, m = 1, 2. (3.1)
Here the Green-function matrix is given by 
The Green-function matrix represents the familiar classical solution for a DPA with phase mismatching and absorption.
Of course, only in the classical-pump limit, for which the pump-fluctuation terms P vanish, does Eq. are quadrature-phase amplitudes for the fluctuations associated with absorption, and the pump-fluctuation terms are defined by
Equations (2.44) show that the primary effect of the parametric interaction is to deamplify (squeeze) the -51 quadrature and to amplify the ii2 quadrature. This primary effect is degraded by absorption and phase mismatching. This is the classical solution for a phase-matched DPA with absorption; the parametric interaction deamplifies (squeezes) the al quadrature and amplifies the a2 quadrature.
B. Squeezing Spectrum Our goal is to calculate squeezing spectra for the light generated by our model DPA. Spectral information about the squeezing produced by the DPA is contained in the spectraldensity matrix 7 6 2023 Smn(e) of the output quadraturephase amplitudes am(e, L). The spectral-density matrix arises from second-order noise moments of the quadraturephase amplitudes: Here, for any operator 0, AO 0 -(), and sym denotes a symmetrized product. A similar spectral-density matrix can be defined for the barred quadrature-phase amplitudes:
These two spectral-density matrices are related by S1 = S11 cos 2 where Ak = Ak(e).
We are primarily interested in the spectrum of the squeezed quadrature, i.e., 81 or ,11. As noted in Subsection 2.C, S1(e) gives the spectrum of the differenced photocurrent in an ideal balanced homodyne detector, when the phase of the local oscillator is chosen so as to display maximum squeezing for the phase-matched frequencies near degeneracy. The spectrum S11(e) would apply if one suitably varied the phase of the local oscillator as a function of rf frequency .
We must also specify the spectra of the input signal field and the auxiliary field associated with absorption. We assume that both are in the vacuum state, which means that their first moments vanish and that their second moments are given by
Recall also that we assume that the input pump field is in the vacuum state, aside from the strong excitation at frequency
Qp.
In the classical-pump limit (Pm = 0), it is straightforward to calculate the output spectral-density matrix Smn(E) in terms of the Green-function matrix:
The first term in this spectral-density matrix comes from the vacuum fluctuations in the input signal field, processed through the parametric interaction; this first term includes phase mismatching and attenuation that is due to absorption. The second term arises from the fluctuations associated with absorption. It is an integral over fluctuations injected at positions z within the medium; after a fluctuation is injected at z, it is processed through the remainder of the nonlinear medium between z and L.
If we assume further that e lies well within the phase-
C. Phase Mismatching
The preceding analysis can be applied immediately to investigate the effect of phase mismatching on the squeezing spectrum. To isolate the phase-mismatching effect, we assume that there is no absorption (y = 0) and that the pump is classical (Pm = 0). Then the spectrum of the &, quadrature
(3.12)
The significance of phase mismatching for S11(e) is quantified by the dimensionless parameter $(e) = Ak(e)/4g 0 =-ll2(P/1P)(E/E2).
(3.14)
When there is at least a moderate amount of squeezing, i.e., goL is somewhat larger than 1, the largest correction to ideal squeezing is the one that grows fastest with goL. This means that we can approximate 15) which leads to a squeezing spectrum The dominant correction to ideal squeezing arises because phase mismatching feeds a fraction I$(s)l of the amplified quadrature into the squeezed quadrature. In order to neglect phase mismatching and have ideal squeezing in the spectrum S,,(E), one requires To explore the effect of phase mismatching on the squeezing spectrum S11(e), one needs to consider an additional dimensionless parameter a similar analysis to find the largest correction to ideal squeezing, one finds (3.19) D. Pump Quantum Fluctuations We turn now to an analysis of quantum fluctuations in the pump field. The starting point is the formal solution [Eq. (3.1)] for the squeezed quadrature &l(e, L). To simplify the analysis and to highlight the effect of pump fluctuations, we assume that there is no absorption (y = 0), and we assume that lies well within the region of perfect phase matching (e << e-gL). With these simplifications, we can write G l n (e, z) = blnegX (3.20) and the formal solution becomes One can solve Eq. (3.21) by an iterative procedure in which the fundamental expansion parameter is 1AP << 1. The procedure is to evaluate Pl(E, z) to progressively higher orders in 1/Ap by plugging in progressively higher-order approximations to the signal and pump fields. Here we are interested only in the first-order correction to a,1(E, L), so we can evaluate Pi(e, z) by using the zero-order solutions for the signal and pump fields.
S1,(E)
Furthermore, we are interested in the dominant effect of pump fluctuations when there is at least a moderate amount of squeezing, i.e., goL is somewhat larger than 1. In this case The next step is to substitute the zero-order solutions into Eq. (3.22) . The zero-order solution for the pump is that the operators ap(w, z) = ap(w) have no z dependence (decoupling from the signal), and the zero-order solution for &2(e', z) is given by the first term in Eq. (3.1) with -y = 0. This step taken, one then performs the integral over z in Eq. (3.21). When p = 0, the strong mean pump field at frequency Qp has complex amplitude iAp. Thus the ap 2 quadrature represents fluctuations that are in phase with the strong mean field, i.e., pump amplitude fluctuations; the a°p quadrature represents fluctuations that are 900 out of phase with strong mean field, i.e., pump phase fluctuations. A glance at Eq. (3.24) shows that the dominant effect of pump quantum fluctuations comes from fluctuations in the ap, quadrature-phase fluctuations-which feed noise from the amplified signal quadrature into the squeezed signal quadrature. ultimately from phase mismatching, provides a cutoff for the pump bandwidth. One further point deserves mention. We have calculated the first-order correction to &1(e, L) resulting from pump quantum fluctuations; this first-order correction goes as 1/Ap 1 . Squared in calculating the spectral density, it produces a correction to the spectrum that goes as 
